The differential forms on the jet bundle J ∞ E of a bundle E → M over a compact n-manifold M of degree greater than n determine differential forms on the space Γ(E) of sections of E. The forms obtained in this way are called local forms on Γ(E), and its cohomology is called the local cohomology of Γ(E). More generally, if a group G acts on E, we can define the local G-invariant cohomology. The local cohomology is computed in terms of the cohomology of the jet bundle by means of the variational bicomplex theory. A similar result is obtained for the local G-invariant cohomology. Using these results and the techniques for the computation of the cohomology of invariant variational bicomplexes in terms of relative Gelfand-Fuchs cohomology introduced in [3], we construct non trivial local cohomology classes in the important cases of Riemannian metrics with the action of diffeomorphisms, and connections on a principal bundle with the action of automorphisms.
Introduction
Let us recall some basic constructions on the jet bundle geometrical approach to the variational calculus. Let p : E → M be a bundle over a compact, oriented n-manifold M without boundary and let J ∞ E denote its ∞-jet bundle. If λ ∈ Ω n (J ∞ E) is a lagrangian density, it determines a function A (the action functional) in the space Γ(E) of sections of E by setting A(s) = M (j ∞ s) * λ. The exterior differential dA of A is determined in the following way. Let s t ∈ Γ(E) be a 1-parameter family of sections of E with s = s 0 and let X ∈ T s Γ(E) ∼ = Γ(M, s * V (E)) be the vertical vector field along s defined by X(p) = dst(p) dt t=0
. Then we have
We see that to the form λ ∈ Ω n (J ∞ E) it corresponds the function A ∈ Ω 0 (Γ(E)), whereas to the form dλ ∈ Ω n+1 (J ∞ E) it corresponds the 1-form dA ∈ Ω 1 (Γ(E)). Generalizing this idea, we have defined in [18] an integration map ℑ : Ω n+k (J ∞ E) → Ω k (Γ(E)), by setting
for α ∈ Ω n+k (J ∞ E) and X 1 , . . . , X k ∈ T s Γ(E). Then we have ℑ[λ] = A and ℑ[dλ] = dA = dℑ [λ] . We prove that we have ℑ[dα] = dℑ[α] for any form α ∈ Ω n+k (J ∞ E). The forms of the type ℑ[α] for α ∈ Ω n+k (J ∞ E) are called the local k-forms Ω k loc (Γ(E)) on Γ(E), and its cohomology H k loc (Γ(E)) the local cohomology of Γ(E). Hence the local forms are those forms on Γ(E) obtained by integration over M of a form on the jet bundle (i.e. a form depending on a section and its derivatives). For k = 0 this notion of locality corresponds precisely to the notion of "local functional" needed in quantum field theory for the study of anomaly cancellation. Moreover, in [9] we show that the anomaly cancellation can be understood in terms of local cohomology of forms of degree 2, and we use some of the results obtained in the present paper solve the problem proposed in [31] consisting in explaining the topological nature of local anomalies.
The local cohomology can be studied in terms of the jet bundle by means of the variational bicomplex theory. Coming back to the example of the variational calculus, the Euler-Lagrange form E(λ) ∈ Ω n+1 (J ∞ E) of λ satisfies ℑ[E(λ)] = ℑ[dλ] = dA, and dA = 0 if and only if E(λ) = 0. Note that both E(λ) = 0 and dλ determine the same local form dA ∈ Ω 1 loc (Γ(E)). However, only E(λ) determines uniquely the properties of dA. We recall that from the point of view of the variational bicomplex theory the Euler-Lagrange operator is given by E(λ) = I(d H λ) where I is the interior Euler operator and d H the horizontal differential. In general, we show in Section 4 that given α ∈ Ω n+k (J ∞ E) with k > 0, there are an infinite number of forms on J ∞ E determining the same local form ℑ[α] on Γ(E), but the interior Euler operator selects a canonical representative for it I(α n,k ), that satisfies ℑ[α] = ℑ[I(α n,k )], and ℑ[α] = 0 if and only if I(α n,k ) = 0. Hence, if we denote by F k (J ∞ E) = I(Ω n,k (J ∞ E)) the space of functional forms, we have the isomorphisms Ω k loc (Γ(E)) ∼ = F k (J ∞ E), and H k loc (Γ(E)) ∼ = H k (F • (J ∞ E)) ∼ = H n+k (J ∞ E) ∼ = H n+k (E) for k > 0. If a group G acts on E by automorphisms, we can consider the local Ginvariant cohomology of Γ(E), H k loc (Γ(E))
G , and clearly we also have the isomorphisms Ω k loc (Γ(E)) G ∼ = F k (J ∞ E) G , and H k loc (Γ(E)) ∼ = H k (F • (J ∞ E)) for k > 1. Under certain conditions analyzed in [3, 3] the invariant cohomology of the Euler-Lagrange complex is isomorphic to the invariant cohomology of J ∞ E, and in that case we have H k loc (Γ(E)) G ∼ = H n+k (J ∞ E) G for k > 1. Moreover, in [3] it is shown that in certain cases the invariant cohomology of J ∞ E can be computed in terms of relative Lie algebra cohomology of formal vector fields.
Finally, we apply the preceding constructions to study the local invariant cohomology of the space of Riemannian metrics MetM with the action of the group DiffM of diffeomorphisms and the space of connections A P on a principal bundle P with the action of the group AutP of automorphisms of P . We construct some local invariant cohomology classes on these spaces and we prove the non triviality of that classes, by relating them to relative Gelfand-Fuchs cohomology of formal vector fields. These results are used in [9] to study the problem of local anomaly cancellation for gravitational and mixed anomalies.
Local cohomology
Let p : E → M be a bundle over a compact, oriented n-manifold M without boundary. We denote by V (E) the vertical bundle and by J r E its r-jet bundle. We have the projections p r : J r E → M , p r,s : J r E → J s E for s < r. Let Γ(E) be the space of global sections of E, that we assume to be not empty. Γ(E) admits an structure of a Frechet manifold (see [15, Section I.4] for details), and for any s ∈ Γ(E), the tangent space to the manifold Γ(E) is isomorphic to the space of vertical vector fields along s, that is T s Γ(E) ≃ Γ(M, s * V (E)). A diffeomorphism φ ∈ DiffE is said to be projectable if there exists φ ∈ DiffM satisfying φ • p = p • φ. We denote by ProjE the space of projectable diffeomorphism of E, and we denote by Proj + E the subgroup of elements such that φ ∈ Diff + M , i.e. φ is orientation preserving. The space of projectable vector fields on E is denoted by projE, and can be considered as the Lie algebra of ProjE. We denote by φ (r) (resp. pr r X) the prolongation of φ ∈ ProjE (resp. X ∈ projE) to J r E. The group ProjE acts naturally on Γ(E) in the following way. If φ ∈ ProjE, we define φ Γ(E) ∈ DiffΓ(E) by φ Γ(E) (s) = φ • s • φ −1 , for all s ∈ Γ(E). In a similar way, a projectable vector field X ∈ projE induces a vector field X Γ(E) ∈ X(Γ(E)).
Let j r : M × Γ(E) → J r E, j r (x, s) = j r x s be the evaluation map. We define a map ℑ r : Ω n+k (J r E) −→ Ω k (Γ(E)), by setting ℑ r [α] = M (j r ) * α, for α ∈ Ω n+k (J r E). If α ∈ Ω k (J r E) with k < n, we set ℑ r [α] = 0. The operator ℑ satisfies the following properties (see [18] )
Corollary 2 Let α ∈ Ω n+k (J r E) and X 1 , . . . , X k ∈ T s Γ(E). Then we have
The forms of the type ℑ r [α] for certain r ∈ N and α ∈ Ω n+k (J r E) are called local k-forms, and the space of local k-forms on Γ(E) is denoted by Ω 
The key point is that this map is not injective in general (e.g. see [8] for an example). If α ∈ Ω k loc (Γ(E)) is closed, its cohomology class on H k (Γ(E)) vanishes if and only if α is the exterior differential of a form β ∈ Ω k−1 (Γ(E)), while its cohomology class on H k loc (Γ(E)) vanishes if and only if α is the exterior differential of a local form β ∈ Ω k−1 loc (Γ(E)).
The variational bicomplex
We denote by J ∞ E the infinite jet bundle (see [1, 19, 29] for the details on the geometry of J ∞ E). We have the projections p ∞ :
We denote by φ (∞) (resp. prX) the prolongation of φ ∈ ProjE (resp. X ∈ projE) to J ∞ E. A local trivialization (U ;
where
, and
The evolutionary vector fields are defined as the vertical fields on E with coefficients in J ∞ E, i.e, Ev(E) = Γ(J ∞ E, V (E)). If X ∈ (X)(E) is a projectable vector field, the evolutionary part of X is given by (evX)(j ∞ x s) = X(s(x)) − s * (X(x)). The total vector fields are the vector fields on M with coefficients in J ∞ E, i.e, Tot(E) = Γ(J ∞ E, T M ). Given a projectable vector field X ∈ (X)(E), we have prX = pr(evX) + totX, where totX denotes the total part of X. In local coordinates, if
We also use the notation γ s (X) = γ(s, X). The following Proposition shows that the vector field X Γ(E) is determined by the evolutionary part of X.
Proposition 3 If X ∈ projE is a projectable vector field then X Γ(E) (s) = γ s (evX). In particular, if X is a vertical vector field then X Γ(E) (s) = X • s Proof. Let X ∈ projE be a projectable vector field with projection X, and let Φ t ∈ ProjE be its flux and Φ t ∈ DiffM its projection onto M . Given s ∈ Γ(E) we have by definition X Γ(E) (s) =ṡ 0 , where
, where we have used that Φ 0 is the identity.
Let us recall the basic definitions of the variational bicomplex theory (see [1, 19] for details). On
its p-horizontal and q-contact component. We denote Ω p,q (J ∞ E) simply by Ω p,q when there is no risk of confusion. According to the preceding bigraduation we have a decomposition of the exterior
We denote by I : Ω n,k → Ω n,k the interior Euler operator. We recall that it satisfies the following properties:
We have the usual diagram for the augmented variational bicomplex
We recall that in the jet bundle formulation of the variational calculus a Lagrangian density is an element λ ∈ Ω n,0 , the map δ V : Ω n,0 → F 1 is the Euler-Lagrange map (i.e. δ V λ is the Euler-Lagrange operator of λ), and the map δ V : F 1 → F 2 is the Helmholtz-Sonin mapping characterizing locally variational operators. A classical result in the variational bicomplex theory (see e.g. [1, 22] 
This result is based on the fact that the interior rows of the variational bicomplex are exact
Local forms and the variational bicomplex
The family of maps ℑ r determine a map ℑ :
, and by definition we have Ω
. We now study the relation between the map ℑ and the variational bicomplex. [19, section 5.4] ) another more general interpretation of the functional forms is given. Precisely, every form α ∈ Ω n+k (J ∞ (E)) determines a multilineal map on evolutionary vector fields Hence the map ℑ is uniquely determined by its restriction to the space of functional forms 
Corollary 7 For every
Let us analyze now what happens for k = 0. In this case we do not have an interior Euler operator, and hence we can not select a canonical lagrangian for a given local functional. We can define F 0 (J ∞ E) = Ω n,0 /d H Ω n−1,0 , and we have a map ℑ :
). However, this map is not injective. For example (see [1] ) we can consider the bundle E = S 2 × T 2 → S 2 , and
2 (E) and hence ω defines a non trivial element in
, where the last equality follows as we have (j ∞ s) 
In this way we can identify N ∼ = s∈Γ(E) ker{s
. This happens for example if H n (E) ∼ = R, as it is easily seen. We can consider this computation of H 0 loc (Γ(E)) as a refinement of the inverse problem of the calculus of variations, that is, the computation of the variationally trivial lagrangian densities modulo divergences ker(δ
. If in place of lagrangian densities we consider local functionals, and we ask for the local functionals which are closed, then what we obtain is H 0 loc (Γ(E)) ∼ = H n (E)/N .
Local invariant cohomology
Let us assume now that a Lie group G acts on E → M by elements of Proj + E. Then we have an induced action of G on J ∞ E and the variational bicomplex remains invariant under this action. By considering G-invariant forms we obtain the G-invariant variational bicomplex and the G-invariant Euler-Lagrange complex. We define the space of local G-invariant forms Ω k loc (Γ(E)) G as the subspace of G-invariant elements on Ω k loc (Γ(E)), and the local G-invariant cohomology as the cohomology of this complex. As the integration map ℑ is G-equivariant, from Theorem 5 we obtain the following
Let us analyze now what happens for the local invariant cohomology of order 0 and 1. We have Ω 
G is shown in Section 5 with a concrete example of gravitational Chern-Simons terms. The difference between G-invariant cohomology and ordinary cohomology is that we have Ω
At the Lie algebra level we have L prX λ ∈ ker ℑ 0 for every X ∈ LieG. If we denote by (Ω n,0 ) GW the space of weakly Ginvariant lagrangians, then we have Ω
, where we have used that δ 0 V vanishes on ker ℑ 0 . Hence we have
.
Under very general conditions the interior rows of the G-invariant variational bicomplex are exact. For example this happens if there exists a G-invariant torsion-free horizontal connection ∇ on the space tot(J ∞ E) ∼ = Γ(J ∞ E, T M ) of total vector fields (see [3] ). In that case, the homotopy operators used to establish the exactness of (3) can be modified by substituting the ordinary derivatives by covariant derivatives with respect to ∇, thus obtaining G-invariant homotopy operators which can be used to prove the exactness of the interior rows of the G-invariant variational bicomplex
In that case we have isomorphisms for k > 1
In [3] it is shown that the invariant cohomology H n+k (J ∞ E) G of the jet bundle can be determined in certain cases in terms of relative Lie algebra cohomology of formal vector fields. We apply this idea in the following sections in order to study the local invariant cohomology of the spaces of Riemmanian metrics and connections on principal bundles. Let M be a compact and connected n-manifold without boundary, and T M its tangent bundle. We define its bundle of Riemannian metrics q :
denote the space of Riemannian metrics on M . We denote by DiffM the diffeomorphisms group of M , by Diff + M its subgroup of orientation preserving diffeomorphisms and by Diff e M the connected component of the identity in DiffM . We denote by q 1 :
We denote by (y ij ) the inverse matrix of (y ij ). Let (q
) is a normal coordinate system for the metric g centered at x, then we have y ij (j
The diffeomorphism group of M acts in a natural way on M M . If φ ∈ DiffM , its lift to the bundle of metricsφ :
In the same way, the lift of a vector field
We consider the principal
and positively oriented . In [20] it is shown that there exists a connection form ω ∈ Ω 1 (O + M, so(n)) (called the universal Levi-Civita connection) on O + M invariant under the natural action of the group Diff + M . Let us recall how this connection is constructed. We define a DiffM -invariant connection
, where ω g denotes the Levi-Civita connection of the metric g. The connection ω hor is not reducible to the [20] it is shown that it is possible to obtain a reducible and Diff + M -invariant connection ω by adding to ω hor a contact form
We denote by Ω and Ω hor the curvature form of ω and ω hor respectively. In local coordinates, the expressions of Ω hor and ϑ are given by (see [20] )
corresponding to p is defined as the form obtained by means of the Chern-Weil theory of characteristic classes by applying p to the curvature Ω of the universal Levi-Civita connection ω. In particular we have the universal k-th
, where Pf denotes the Pfaffian. These forms are closed, Diff + M -invariant and satisfy the following universal property (see [20] ): for every Riemannian metric g we have (j 1 g)
is the curvature form of the Levi-Civita connection of the metric g. Hence the Pontryagin forms of degree less or equal than n determine the Pontryagin classes of M , while the Pontryagin forms of degree greater than n determine, by means of ℑ, closed Diff + M -invariant forms on MetM .
Local invariant cohomology of MetM
The local cohomology of MetM is easily computed. We have
Hence p(Ω) is an exact form for every p ∈ I SO(n) r with 2r > n. In fact it is easy to construct explicitly a form α satisfying p(Ω) = dα by fixing a metric g 0 ∈ MetM . Let ω g0 be the Levi-Civita connection of g 0 , considered as a connection on the frame bundle F M . The connectionsq * 1 ω g0 and ω are both connections on the same bundle q *
transgression form corresponding to ω and ω g0 (see [17] ), and we have used that p(q * 1 Ω g0 ) = q * 1 p(Ω g0 ) = 0 by dimensional reasons. As the connection ω hor determines a torsion free connection on the space of total vector fields on J ∞ M M , by the results explained in Section 5 we have the following
This result is valid as well for the group Diff + M . In Remark 12 we show that this result is not true for k = 1.
The invariant cohomology
Diff e M of the jet bundle can be related to relative Gelfand-Fuchs cohomology of of formal vector fields. As the Gelfand-Fuchs cohomology is usually computed in terms of truncated Weil algebras, let us recall its definition. Let g be a Lie algebra, and denote by W (g) = g * ⊗ Sg * its Weil algebra, where the elements of r g * have degree r and the elements of S r g * have degree 2r. Let {e i } be a basis of g * . We denote by λ i = e i ⊗ 1 and Λ i = 1 ⊗ e i . The Weil algebra W (g) is a graduated differential algebra with differential determined by setting dλ
and is a classical result that W (g) is acyclic. The interior product is defined by setting ι ei λ j = δ j i , ι ei Λ j = 0, and the Lie derivative is defined by
k+1 , where J k is the ideal of W (g) generated by S k g * . If h is a Lie subalgebra of g, we define the cohomology of W (g) relative to h, H(W (g), h) as the cohomology of the h-basic elements of W (g). It is easy to see that H(W (g), g) ∼ = I G for a connected Lie group G. Let P → M be a principal G-bundle. A connection form A on P determines a homomorphism of DGA's w A : W (g) → Ω(P ) by mapping λ to A and Λ to F A , the curvature form of A. The induced map in relative cohomology
coincides with the Chern-Weil homomorphism. If a Lie group G acts on P by automorphisms and A is G-invariant, then the map w A takes its values on the space of G-invariant forms, w A :
By formula (4) it factors to a map
Taking into account that
Finally, by composing with the projection q ∞,1 :
Theorem 10 The map α :
The proof of Theorem 10 is given in Section 6.4 and is based on the ideas explained in [3] relating the cohomology of invariant variational bicomplexes to relative cohomology of formal vector fields.
The cohomology H(W (n) (gl(n)), so(n)) is well known due to its appearance in the cohomology of formal vector fields and characteristic classes of foliations (e.g. see [13, 16] 
. . , C n ] by the ideal J generated by the elements of degree greater than 2n. W O n is a differential graded algebra (DGA) with differential dU i = C i , dC i = 0. We have (see [16] )
] r the space of degree r elements on S[P 1 , . . . , P [n/2] ]. Hence, we conclude that for r ≤ 2n we have
for r even, and H r (W (n) (gl(n)), so(n)) = 0 for r odd.
Corollary 11 The map
Proof. In q * 1 F M we have considered two DiffM -invariant connections, ω hor and ω, the second one being a Riemannian connection. If
DiffM is the transgression form corresponding to ω hor and ω (see [17] ). As ω hor and ω are both DiffM -invariant, the form T p(ω, ω hor ) is also DiffM -invariant. Hence, the forms p(Ω) and p(Ω hor ) determine the same cohomology class on
As we know that the class of p(
is not zero, we conclude that the class of p(Ω) is also not zero. Moreover, for n odd the class of χ(Ω) is also not zero as we have 
. This fact follows from the existence of equivariant Pontryagin classes (see [18] ). For example for n = 3 and p = p 1 the first Pontryagin polynomial we can take (see [18, formula (8) 
in local coordinates
we have ∇X = ( 
Remark 13 The map α of Theorem 13 is in fact bijective ( [2]), i.e. all the cohomology classes on H(J
∞ M M ) Diff e M come from H(W (n) (gl(n)), so(n)). Us- ing this result, we obtain that H k loc (MetM ) Diff e M ∼ = H n+k (W (n) (gl(n)), so(n)) for k > 1. Also we have H 0 loc (MetM )
Gelfand-Fuchs cohomology
Let us recall some basic results about Gelfand-Fuchs cohomology of formal vector fields. We refer to [5, 13] for the details. Let a n = {X = X i ∂/∂x i :
} be the Lie algebra of formal vector fields on R n , with Lie bracket
The Lie algebra gl(n, R) can be considered as a subalgebra of a n by the map gl(n, R) → a n , a
We define a * n as the space generated by
and we set
This map induces isomorphisms in cohomology H(W (n) (gl(n))) ∼ = H(a n ) and H(W (n) (gl(n)), so(n)) ∼ = H(a n , so(n)).
Proof of Theorem 10
Let us consider a coordinate system (U ; x i ). Using this local chart, for any x ∈ M , X ∈ X(M ) we can identify j ∞ x X with an element of a n . Let us consider a point σ = j
, and hence we have y ij (σ) = δ ij , y ij,J (σ) = 0 for every multiindex J. We define a map ν σ : a n → T σ J ∞ M M in the following way. Given Y ∈ a n let X ∈ X(M ) be such that j ∞ x X = Y . Then we set ν σ (Y ) = prX(σ), which is well defined as prX(σ) only depends on the derivatives of X at x. From (1) and (3) it follows that the kernel of the map ν σ is identified with the Lie subalgebra so(n) ⊂ a n .
According to [3] we define a map
Diff + M , and Y 1 , . . . , Y n+2 ∈ a n . It is a cochain map and induces a map in cohomology ψ σ :
. We have the following
Proposition 14 The following diagram is commutative
−→ H(a n , so(n)).
As the map β is an isomorphism, we conclude that α is injective and ψ is surjective, proving Theorem 10.
Proof. As vector spaces we have gl(n) ∼ = so(n) ⊕ sym(n), where sym(n) denotes the space of symmetric matrices of order n. Hence we have W (gl(n)) ∼ = so(n) * ⊗ sym(n) * ⊗ Sgl(n) * . By definition, the space of so(n)-horizontal elements of W (gl(n)) is sym(n) * ⊗ Sgl(n) * . If λ S denotes the symmetric part of λ, the map β maps q(λ S , Λ) ∈ W (gl(n)) so(n)−basic to q(θ S , R) We denote by ω A hor ∈ Ω 1 (q * 1 F M, so(n)) and ω S hor ∈ Ω 1 (q * 1 F M, sym(n)) the skew-symmetric and symmetric parts of the connection ω hor ∈ Ω 1 (q * (3), (4) and (5) it follows the following 
We conclude from the preceding Lemma that ψ σ (q(ω S hor , Ω hor )) = q(θ S , R), and this proves Proposition 14.
Connections and metrics

The universal characteristic forms on the bundle of connections
Let π : P → M a principal G-bundle over a compact n-manifold M . We denote by A P the space of principal connections on P . In order to apply our general constructions about local cohomology to the case of connections on principal bundles we consider a bundle (the bundle of connections) p : C(P ) → M whose global sections correspond to principal connections on P , i.e, we have A P ∼ = Γ(M, C(P )). Let us recall the definition of this bundle (see [14, 23, 27] for details). Letp : J 1 P → P be the first jet bundle of P . The action of G on P lifts to an action on J 1 P . We denote by p : C(P ) = J 1 P/G → M = P/G the quotient bundle, called the bundle of connections of P . The projection π : J 1 P → C(P ) is a principal G-bundle, isomorphic to the pull-back bundle p * P → C(P ), that we denote byπ : P → C(P ). We have the following commu-
The map p is G-equivariant, i.e., is a principal G-bundle morphism.
The group AutP of principal G-bundle automorphisms is denoted by AutP . If φ ∈ AutP , we denote by φ ∈ DiffM its projection to M . We denote by Aut + P the subgroup of elements φ ∈ AutP such that φ ∈ Diff + M . The kernel of the projection AutP → DiffM is the gauge group of P , denoted by GauP .
The Lie algebra of AutP can be identified with the space autP ⊂ X(P ) of G-invariant vector fields on P . The subspace of G-invariant vertical vector fields is denoted by gauP and can be considered as the Lie algebra of GauP . We have an exact sequence of Lie algebras 0 → gauP → autP → X(M ) → 0.
The action of AutP on P induces actions on J 1 P and C(P ), and the maps π andp are AutP -invariant. At the infinitesimal level, if X ∈ autP , we denote by X ∈ X(M ) its projection to M , and by X P ∈ X(P), X C(P ) ∈ X(C(P )) its lifts to P = J 1 P and C(P ) respectively. Let (U, x i ) be a local coordinate system on M , (B α ) a basis for g. IfB α denotes the G-invariant vector field (B α ) P , then for every X ∈ autP we have
) be the induced coordinate system on C(P ) (see [14, Section 3.2] ). If X ∈ autP is given in local coordinates by X = f i ∂/∂x i + g αB α then we have
where c α βγ are the structure constants of g. The principal G-bundleπ : P →C(P ) is endowed with a canonical AutPinvariant connection A ∈ Ω 1 (P, g). This connection can be identified to the contact form on J 1 P . Alternatively, it can be defined by setting A (σA(x),u) (X) = A u (p * X), for every connection A on P , x ∈ M , u ∈ π −1 (x), X ∈ T (σA(x),u) P, and where σ A : M → C(P ) is the section of C(P ) corresponding to A. Let F be the curvature of A. In local coordinates we have (see [14] )
If f ∈ I G k is a Weil polynomial of degree k for G, we define the universal characteristic form associated to f as the 2-form on C(P ) defined by f (F) = f (F, . . . , F) ∈ Ω 2k (C(P )).
Local cohomology of MetM × A P
Now we consider the product bundle M M × M C(P ), whose space of sections is the product MetM × A P . The group Aut(P ) acts on C(P ) as explained above, and acts on M M through its projection Aut(P ) → Diff(M ). The connection ω hor determines a torsion free Aut + P -invariant connection on the space of total vector fields on J ∞ (M M × M C(P )), and by the results explained in Section 5 we have for k > 1 the isomorphism
As the connection ω hor × A is Aut(P )-invariant, it determines a homomorphism
Aut e P . By formulas (4) and (7) it factors to a map
By composing with the inclusion of
Theorem 16 The map
is injective.
The proof of this Theorem is similar to that of Theorem 13 and is given in Section 7.4.
The cohomology H(W (n) (gl(n)×g), so(n)×g) is computed in [14] . In particular for k ≤ n we have
Hence we have the following
Corollary 17
The map r+s=k I SO(n) r
We have also the following
Cohomology of formal G-invariant vector fields
Let G be a Lie group with Lie algebra g. We consider a basis B α of g, and we denote by c α βγ the structure constants of g in this basis. Let a n,g = {f
} be the Lie algebra of formal G-invariant vector fields on R n × G, with Lie bracket given by
We define a * n,g as the space generated by
We have (see [14] )
The Lie algebra gl(n) is considered as a Lie subalgebra of a n,g through the map gl(n) → a n,g , A i j → A i j x j ∂/∂x i , and similarly g is considered as a Lie subalgebra of a n,g with the obvious map.
The Lie algebra cohomology of a n,g relative to a Lie subalgebra h is the cohomology of the subcomplex of h-basic elements in a n,g , and is denoted by H(a n,g , h). As usual, the cohomology of a n,g can be computed in terms of the cohomology of truncated Weil algebras. We consider the Weil algebra W (gl(n) × g) of the Lie algebra gl(n) × g. By formulae (10) and (11) we have a map β : W (n) (gl(n, R) × g) → a n,g defined by setting β(λ
In [14] it is proved that the induced map on relative cohomology β :
Proof of Theorem 16
Let us fix a local trivialization (π
. Again for simplicity we assume that y ij (j
, and A α j,J (j ∞ x A) = 0, for every multiindex J. Using this trivialization, for any X ∈ autP we can identify j ∞ x X with an element of a n,g . We define a map ν σ : a n,g → T σ J ∞ (M M × M C(P )) in the following way. Given Y ∈ a n,g let X ∈ autP be such that j ∞ x X = Y . Then we set ν σ (Y ) = pr(X, X C(P ) )(σ), which is well defined as pr(X, X C(P ) )(σ) only depends on the derivatives of X at x. From (1), (3) and (6) if follows that the kernel of the map ν σ is identified with the Lie subalgebra so(n) × g ⊂ a n,g .
Proposition 19 The following diagram is commutative
−→ H(a n,g , so(n) × g)
As the map β is an isomorphism, we conclude that α is injective, proving Theorem 16.
The proof of Proposition 19 is the same than that of Proposition 14, using Lemma 15 and the following lemma, that shows that
, is the local expression of X, Y ∈ autP , we have
Part II 1 Introduction
An anomaly appears in a theory when a classical symmetry is broken at the quantum level. One fundamental concept in the study of local anomalies is locality. In order to cancel the anomaly, only local terms are allowed, "local" meaning terms obtained integrating forms depending on the fields and its derivatives. In the algebraic approaches to local anomalies (local BRST cohomology, descent equations) only local terms are considered. However, in the geometric and topological approaches based on the Atiyah-Singer index theorem it is not clear how to deal with the problem of locality. The aim of the present paper is to solve the old problem, suggested by Singer in [31] , and consisting in determining an adequate notion of "local cohomology" which allows to deal with the problem of locality in that geometric approaches. Let us briefly recall some basic ideas about the problem of locality in the study of local anomalies (e.g. see [8] ). In this paper we consider only local anomalies, and hence we can assume that we are dealing with a connected group G, with Lie algebra G. We consider an action of G on a bundle E → M over a compact n-manifold M . Let {D s : s ∈ Γ(E)} be a G-equivariant family of elliptic operators acting on fermionic fields ψ ∈ Γ(V ) and parametrized by Γ(E). Then the lagrangian density L(ψ, s) =ψiD s ψ is G-invariant, and hence the classical action S L (ψ, s) = M L(ψ, s), is a G-invariant function on Γ(V ) × Γ(E). However, at the quantum level, the corresponding effective action W (s), defined in terms of the fermionic path integral by exp(−W (s)) = DψDψ exp − Mψ iD s ψ could fail to be G-invariant if the fermionic measure DψDψ is not G-invariant. To measure this lack of invariance we define E)) ). In this way the problem of anomaly cancellation can be reduced to the pure algebraic computation of the BRST cohomology (e.g. see [5, 11, 12, 15, 16, 17, 26, 30] ).
Local anomalies also admit a nice geometrical interpretation in terms of the Atiyah-Singer index theorem for families of elliptic operators (see [1, 2, 4, 22, 31] ). The first Chern class c 1 (det IndD/G) of the (quotient) determinant line bundle det IndD/G → Γ(E)/G represents an obstruction for anomaly cancellation. The Atiyah-Singer index theorem for families provides an explicit expression for c 1 (det IndD/G) and more precisely, of the curvature Ω det IndD/G of its natural connection. Now the problem of locality appears again. The condition c 1 (det IndD/G) = 0 is a necessary but not a sufficient condition for local anomaly cancellation. For example (see [1] ), for M = S 6 although c 1 det Ind ∂/Diff 0 M = 0, the local gravitational anomaly does not cancel. Moreover we recall (see [4, 9, 28] ) that the BRST and index theory approaches are related by means of the transgression map (see Section 2) t :
[A] = t(c 1 (det IndD/G)). As the transgression map t is injective, the condition c 1 (det IndD/G) = 0 on H 2 (Γ(E)/G) is equivalent to [A] = 0 on H 1 (G, Ω 0 (Γ(E))). However, the condition for local anomaly cancellation is [A] = 0 on the BRST cohomology H 1 loc (G, Ω 0 loc (Γ(E))). Hence, in order to cancel the local anomaly, Ω det IndD/G should be the exterior differential of a "local" form on Γ(E)/G, and the local anomaly cancellation should be expressed in terms of an adequate notion of "local cohomology of Γ(E)/G", H k loc (Γ(E)/G). Note however that it is by no means clear how to define H k loc (Γ(E)/G), as the expression of Ω det IndD/G itself contains non-local terms (Green operators). The problem of defining this notion of "local cohomology" was proposed in [31] . In [1] a paper studying the preceding problem is announced to be in preparation, but to the best of our knowledge, this paper has not been published.
Let us explain how local G-equivariant cohomology solves that problem. The G-equivariant cohomology of Γ(E) and the cohomology of Γ(E)/G are related by the generalized Chern-Weil homomorphism ChW :
)) in such a way that t • ChW = τ (see Section 2) . Now, to deal with the problem of locality, we define the local G-equivariant cohomology H k G,loc (Γ(E)) in a natural way, and we prove that the restriction of
) and we have the following commutative diagram 
) could contain non-local terms, as ω depends on the curvature of a connection Θ on the principal G-bundle Γ(E) → Γ(E)/G, and Θ usually contains non-local terms. However, the form t(ω) obtained by applying the transgression map t to ω is local.
In this paper we prefer to work with local G-equivariant cohomology in place of the cohomology of the quotient for several reasons. Generally, in order to have a well defined quotient manifold, it is necessary to restrict the group G to a subgroup acting freely on Γ(E). However, the equivariant cohomology is well defined for arbitrary actions. Furthermore, the local G-equivariant cohomology can be related to the cohomology of jet bundles, thus providing new tools for the study of local anomalies. In terms of local G-equivariant cohomology the conditions for anomaly cancellation can be expressed in the following way. Let Ω In [19] we have shown that, using the variational bicomplex theory, the local cohomology can be computed in terms of the cohomology of the jet bundle. By definition, a local functional Λ ∈ Ω 0 loc (Γ(E)) is given by integration over M of a function L(s, ∂s) depending of the section s ∈ Γ(E) and its derivatives
for every s ∈ Γ(E), and the Lagrangian density λ = Lvol M ∈ Ω n (J ∞ (E)) can be considered as an n-form on J ∞ (E). We define a map ℑ :
). For our study of anomalies we need to consider not only local functionals, but also local k-forms of degree k > 0. For this reason we extend the map ℑ to forms of degree greater than n, ℑ :
). This map can be studied completely in terms of the jet bundle by means of the variational bicomplex theory. For k > 1 the interior Euler operator I : 
is called the space of functional forms, and clearly we have
, and in this way the local cohomology is computed in terms of the cohomology of jet bundles. In a similar way, for the invariant cohomology, under very general conditions we have [19] for details). Although we do not have a similar result for equivariant cohomology (see Section 3), we can use these results in order to study local anomalies in the following way. A necessary condition for anomaly cancellation is that Ω det IndD should be the exterior differential of a local
G the first obstruction for anomaly cancellation.
We apply these results to gravitational and mixed anomalies in Sections 5 and 6 and we show that in these cases the first obstruction for anomaly cancellation provides necessary and sufficient conditions for anomaly cancellation.
We conclude that, when the locality conditions are taken into account, the anomaly cancellation is not related to the topology of Γ(E)/G or G, but to the geometry of the jet bundle.
The transgression maps
First we recall some results of equivariant cohomology in the Cartan model (e.g. see [6, 24] ). We consider a left action of a connected Lie group G on a manifold N , i.e. a homomorphism ρ : G → DiffN . We have an induced Lie algebra homomorphism
ρ(exp(−tX)). The space of G-invariant r-forms is denoted by Ω r (N ) G , and the G-invariant cohomology by
If G is connected, then condition (12) is equivalent to the G-invariance of α.
We assign degree 2k + r to the elements of We recall the Berline-Vergne construction of equivariant characteristic classes (see [7, 6] ). Let π : P → N a principal G-bundle and G a Lie group acting (on the left) on P by automorphisms. If A is a G-invariant connection on P with curvature F , we define the equivariant curvature of A by F G (X) = F − A(X P ). Then for every Weil polynomial f ∈ I G k , the G-equivariant characteristic form associated to f and A is f (F G ) ∈ Ω 2k G (N ), It can be seen that d c (f (F G )) = 0 and that the equivariant cohomology class f
Finally we recall (e.g. see [6] ) that if N → N /G is a principal G-bundle we have the (generalized) Chern-Weil homomorphism ChW : , where hor A is the horizontalization with respect to the connection A. We also use the notation α = ChW(α). A direct computation shows that we have the following result, that provides a direct proof of the fact that the Chern-Weil map ChW : 
which is independent of the form ρ chosen, and that we call the transgression map τ . If the group G is connected, then the transgression map τ is injective.
Now we assume that the action of G on N is free, and π : N → N /G is a principal G-bundle. Then we can consider the more familiar transgression map defined as follows
, which is independent of the form η chosen, and that we call the transgression map t. If the group G is connected, then the transgression map t is injective.
The following Proposition relates the two transgression maps. We use this result in order to relate our approach to anomalies with the BRST approach.
If we set ρ = η + α then ω 0 = dρ and for every X ∈ Lie G we have τ ρ (X) = ρ(X N ) + µ(X) = t η (X).
Local equivariant cohomology
Let p : E → M be a bundle over a compact, oriented n-manifold M without boundary. We denote by J r E its r-jet bundle, and by J ∞ E the infinite jet bundle (see [29] for the details on the geometry of J ∞ E). We recall that the points on J ∞ E are the Taylor series of sections of E and that
. A diffeomorphism φ ∈ DiffE is said to be projectable if there exists φ ∈ DiffM satisfying φ • p = p • φ. We denote by ProjE the space of projectable diffeomorphism of E, and we denote by Proj + E the subgroup of elements such that φ ∈ Diff + M , i.e. φ is orientation preserving. The space of projectable vector fields on E is denoted by projE, and can be considered as the Lie algebra of ProjE. We denote by prφ (resp. prX) the prolongation of φ ∈ ProjE (resp. X ∈ projE) to J ∞ E. Let Γ(E) be the manifold of global sections of E, that we assume to be not empty. For any s ∈ Γ(E), the tangent space to the manifold Γ(E) is isomorphic to the space of vertical vector fields along s, that is
n+k (E) for k > 0 (see [19] for details). Note that Ω 0 loc (Γ(E)) is precisely the space of local functions on Γ(E).
The group ProjE acts naturally on Γ(E) as follows. If φ ∈ ProjE, we define
In a similar way, a projectable vector field X ∈ projE induces a vector field X Γ(E) ∈ X(Γ(E)).
Let G be a Lie group acting on E by elements Proj + E. We define the space of local G-invariant forms Ω k loc (Γ(E))
G as the subspace of G-invariant elements on Ω k loc (Γ(E)), and the local G-invariant cohomology, H k loc (Γ(E)) G , as the cohomology of (Ω
In [19] it is shown that we have Ω
In Sections 5 and 6 we show that for the classical cases of gravitational and mixed anomalies, assumption (A2) follows form the Atiyah-Singer Index theorem for families and the results on [18] and [21] . Proof. Let ω = ω 0 + µ ∈ Ω 2 G,loc (Γ(E)) be a closed local G-equivariant 2-form. As H 2 loc (Γ(E)) = 0, we have ω 0 = dρ, for certain ρ ∈ Ω 1 loc (Γ(E)). By the definition of local equivariant cohomology and assumption (A1) the map
is a local map. The injectiveness of τ follows from Proposition 2. Note that we can assume that the group is connected as we are dealing with local anomalies.
If the action of G on Γ(E) is free, by Proposition 4 we have the following 
Riemannian metrics and gravitational anomalies
In this section we apply the preceding considerations to the case of gravitational anomalies (see [1, 22, 25] ). We consider the family of Dirac operators ∂ g parametrized by the space MetM of Riemannian metrics on M , and the action of diffeomorphisms. First we recall the definition of the equivariant Pontryagin and Euler forms on the 1-jet bundle of the bundle of metrics given in [20] and [21] . Then we show how the equivariant curvature of the determinant line bundle can be obtained from these constructions on the jet bundle, and that assumptions (A1) and (A2) hold in this case. Finally, we use our characterization of local anomaly cancellation in terms of local equivariant cohomology and the results in [19] to obtain necessary and sufficient conditions for local gravitational anomaly cancellation.
Equivariant Pontryagin and Euler forms on
Let M be a compact and connected n-manifold without boundary, and T M its tangent bundle. We define its bundle of Riemannian metrics q : 
Connections and mixed Anomalies
In this section we made an study of mixed anomalies similar to that of Section 5 for gravitational anomalies. We consider the family of Dirac operators { ∇ g,A : g ∈ Met M , A ∈ A P } parametrized by metrics on M and connections on a principal bundle P , and the action of the group AutP of automorphisms of P (we consider that AutP acts on MetM trough its projection to DiffM ). First we recall the definition of the equivariant characteristic forms on the bundle of connections introduced on [18] , and using that construction and those in Section 5 we show that assumptions (A1) and (A2) also hold in the case of mixed anomalies. Finally, we obtain necessary and sufficient conditions for local mixed anomaly cancellation.
The equivariant characteristic forms on the bundle of connections
We consider a principal G-bundle π : P → M over a compact n-manifold M . We denote by A P the space of principal connections on P . Let us recall the definition of the bundle of connections of P (see [14, 23, 27] for details). Letp : J 1 P → P be the first jet bundle of P . The action of G on P lifts to an action on J 1 P . We denote by p : C(P ) = J 1 P/G → M = P/G the quotient bundle, called the bundle of connections of P . We have a natural identification Γ(C(P )) ∼ = A P , and we denote by σ A the section of C(P ) corresponding to A ∈ A P . The projectionπ : J 1 P → C(P ) is a principal G-bundle, isomorphic to the pull-back bundle p * P → C(P ), that we denote byπ : P → C(P ). We have the following commutative diagram
The group AutP of principal G-bundle automorphisms is denoted by AutP . If φ ∈ AutP , we denote by φ ∈ DiffM its projection onto M . We denote by Aut + P the subgroup of elements φ ∈ AutP such that φ ∈ Diff + M . The kernel of the projection AutP → DiffM is the gauge group of P , denoted by GauP .
The action of AutP on P induces actions on J 1 P and C(P ), and the maps π andp are AutP -invariant. At the infinitesimal level, if X ∈ autP , we denote by X ∈ X(M ) its projection to M , and by X P ∈ X(P), X C(P ) ∈ X(C(P )) its lift to P = J 1 P and C(P ) respectively. That the action of AutP on C(P ) satisfies assumption (A1) follows from the natural identification autP ∼ = Γ(M, T P/G) and the local expression of X C(P ) (e.g. see [14] ).
The principal G-bundleπ : P →C(P ) is endowed with a canonical AutPinvariant connection A ∈ Ω 1 (P, g). This connection can be identified to the contact form on J 1 P . Alternatively, it can be defined by setting A (u,σA(x)) (X) = A u (p * X), for every connection A on P , x ∈ M , u ∈ π −1 (x), X ∈ T (u,σA(x)) P. Let F be the curvature of A. Again as A is AutP -invariant, we can apply the Berline-Vergne construction of equivariant characteristic classes. If f ∈ I G k is a Weil polynomial of degree k for G, we denote by f (F AutP ) ∈ Ω 2k AutP (C(P )) the AutP -equivariant characteristic form associated to f .
If 2k > n, by applying the map ℑ to f (F AutP ) we obtain closed Aut + Pequivariant form on A P . In particular if n = 2r is even and f ∈ I , and from this expression we conclude that ω ∈ Ω 2 Aut + P,loc (A P ) As usual (see [4] ), we consider the principal G-bundle P × A P → M × A P . The evaluation map ev : M × A P → C(P ), ev(x, A) = σ A (x) extends to an AutP -equivariant map ev : P × A P → P, by setting ev(u x , A) = (u x , σ A (x)) for every x ∈ M . ThenÂ = ev * A is a AutP -invariant connection on P × A P , with curvatureF = ev * F, and for every f ∈ I G k , ev * f (F AutP ) is the AutP -equivariant characteristic form ofÂ associated to f .
Mixed anomalies
Now we consider the product bundle M M × M C(P ) → M . The group AutP acts on C(P ) as explained above, and acts on M M through its projection on DiffM , and hence AutP acts on the product M M × M C(P ) and on J ∞ (M M × M C(P )). The two projections J ∞ (M M × M C(P )) → J ∞ M M , J ∞ (M M × M C(P )) → J ∞ C(P ) are AutP -equivariant. We denote by the same letter the forms on these spaces and their pull-backs to J ∞ (M M × M C(P )). In particular, on Ω
• AutP (J ∞ (M M × M C(P ))) we have the Aut + P -equivariant Pontryagin forms p(Ω AutP ) coming from J ∞ M M , and the AutP -equivariant characteristic forms f (F AutP ), coming from J ∞ C(P ). Let β : G → Gl(E) be a linear representation of G and let E → M be the vector bundle associated to P and β. We denote by Aut e P the connected component with the identity in AutP , and we consider the Aut e P -equivariant family of Dirac operators { ∇ g,A : g ∈ MetM, A ∈ A P }. Let us consider the bundle Q = π * 1 (P × A P ) × π * ∈ Ω 2 Aut e P,loc (Met M × A P ) and assumption (A2) is satisfied. By Definition 8 the first obstruction for anomaly cancellation is
Again (see [19] ) the map ℑ induces an isomorphism H 
is injective for k ≤ n.
Hence, if Q is the component of polynomial degree n/2 + 1 ofÂch ρ ⊗ ch β ∈ I SO(n)×G ∼ = I SO(n) ⊗I G , then the mixed anomaly cancels if and only if Q = 0. In particular the gauge and gravitational anomalies cannot cancel between them. Again the condition for anomaly cancellation does not depend on the particular manifold M or bundle that we have. It only depends on the structure group G of P and the dimension n of M .
As the space MetM × A P is contractible and we have H 
